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Varying physical constant cosmologies were claimed to solve standard cosmological problems such
as the horizon, the flatness and the Λ-problem. In this paper, we suggest yet another possible
application of these theories: solving the singularity problem. By specifying some examples we
show that various cosmological singularities may be regularized provided the physical constants
evolve in time in an appropriate way.
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I. INTRODUCTION
One of the most intriguing problems in cosmology is
the problem of singularities. They are very well-defined
in relativity and are shown to appear under quite gen-
eral conditions of geodesic incompletness and a blow-up
of various geometrical and physical quantities [1]. Up to
a very recently, the main concern of cosmologists was the
big-bang singularity in the past which seemed to be un-
avoidable both in relativity and also in extended scalar
field theories [2]. A lot of generalized theories which in-
cluded gravity were proposed in order to avoid big-bang.
Among them the superstring and the brane theories [3, 4],
loop quantum gravity [5], higher-order gravity [6], and
many others. The main achievement of such approaches
was the extension of the evolution of the universe through
a big-bang singularity like in the pre-big-bang [7] and the
cyclic [8] scenarios.
After the discovery of the accelerated expansion of
the universe [9–11], deeper studies of the phenomenon
of the dark energy showed the plethora of new singu-
larities (“exotic” singularities) different from big-bang.
Firstly, a big-rip associated with the phantom dark en-
ergy was investigated [12], and further classified as type
I [13]. Then, a sudden future singularity (SFS or type II)
was proposed [14] as well as numerous other types such
as: generalized sudden future singularities (GSFS), finite
scale factor singularities (FSF or type III), big-separation
singularities (BS or type IV) and w-singularities (type
V) [15, 16]. The singularities which fall outside this clas-
sification (with perhaps a big-bang as type 0 [16]) are
curvature singularities with respect to a parallelly prop-
agated basis (p.p. curvature singularites) which show
up as directional singularities [17] and also intensively
studied recently: the little-rip singularities [18], and the
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pseudo-rip singularities [19]. All the above singularities
are characterized by violation of all, some or none of the
energy conditions which results in a blow-up of all or
some of the appropriate physical quantities such as: the
scale factor, the energy density, the pressure, and the
barotropic index (for a review see Ref. [20]). In or-
der to be clear, we remind that there are three energy
conditions: the null (̺c2 + p ≥ 0), weak (̺c2 ≥ 0 and
̺c2 + p ≥ 0), strong (̺c2 + p ≥ 0 and ̺c2 + 3p ≥ 0),
and dominant energy (̺c2 ≥ 0, −̺c2 ≤ p ≤ ̺c2) (here
c is the speed of light, ̺ - the mass density in kg m−3,
and p - the pressure). One can also define ε ≡ ̺c2 as the
energy density which has the same unit as pressure, i.e.,
Jm−3 = Nm−2 = kgm−1s−2.
It emerged fascinating that some of these singularities
are weaker than big-bang (for example particles [21] and
even extended objects [22] may pass through them) and
may appear in the very near future [23, 24]. Then, it
is interesting to discuss if there are any physical reasons
which can “weaken” or just remove a big-bang (or other -
“stronger”) singularity from the evolution of the universe.
Our suggestion here is to make use of the time-evolution
of the physical constants combined with the dynamical
evolution of particular models of the universe. It has
been recently shown [25] that the quantum effects may
change the nature of the sudden future singularity as well
as the big-rip and the finite scale factor singularity. It
is then reasonable to think of the time-varying physical
constants to do the job as well.
The idea of variation of physical constants has been
established widely in physics both theoretically and ex-
perimentally. From the theoretical side the early ideas
of Weyl [26] and Eddington [27] were most successfully
followed by Dirac’s Large Number Hypothesis [28] from
which it was concluded that the gravitational constant
should change in time as G(t) ∝ 1/t. This led to
the scalar-tensor gravity theory developed by Brans and
Dicke [29] who followed the ideas of Jordan [30]. These
ideas were further embedded into superstring theories in
which the coupling constant of gravity became running
2during the evolution of the early universe [3]. In fact, a
lot of physical constants such as the gravitational con-
stant G, the charge of the electron e, the velocity of
light c, the proton to electron mass ratio mp/me, and
the fine structure constant α are interrelated [31, 32] and
the variation of one of them may be associated with vari-
ation of others. However, apart from Brans-Dicke type of
gravitational constant evolution models, the most popu-
lar theories which admit physical constants variation are
the varying speed of light theories [33] and varying alpha
(fine structure α) theories [34]. It has been shown that
both of these theories allow the solution of the standard
cosmological problems such as the horizon problem, flat-
ness problem, and the Λ−problem. Here, we will apply
these theories to solve yet another problem - the singu-
larity problem.
The paper is organized as follows. In Section II we
discuss the basics of varying constants models using the
new form of the scale factor which encompasses quite
a few types of singularities after a specific choice of its
parametrization. In Section III we show the examples of
regularization the singularities due to the time-variation
of physical constants. In Section IV we give our conclu-
sions.
II. VARYING CONSTANTS MODELS
Following the Refs. [33], we consider the Friedmann
universes within the framework of varying speed of light
theories (VSL) and varying gravitational constant theo-
ries. The field equations read as
̺(t) =
3
8πG(t)
(
a˙2
a2
+
kc2(t)
a2
)
, (II.1)
p(t) = − c
2(t)
8πG(t)
(
2
a¨
a
+
a˙2
a2
+
kc2(t)
a2
)
, (II.2)
and the energy-momentum conservation law is
˙̺(t) + 3
a˙
a
(
̺(t) +
p(t)
c2(t)
)
= −̺(t)G˙(t)
G(t)
+ 3
kc(t)c˙(t)
4πGa2
.
(II.3)
Here a ≡ a(t) is the scale factor, the dot means the
derivative with respect to time t, G = G(t) is time-
varying gravitational constant, c = c(t) is time-varying
speed of light, and the curvature index k = 0,±1. In
Ref. [33] the barotropic equation of state for matter was
assumed. Since we want to discuss more general cases in
order to obtain various types of singularities, we will not
assume any link between the energy density and pressure
(i.e. the equation of state p = p(ε).
In contrast to many references dealing with sudden fu-
ture singularities [14, 23], which consider the scale factor
a(t) = as
[
δ + (1− δ)
(
t
ts
)m
− δ
(
1− t
ts
)n]
, (II.4)
with δ, ts, as,m, n being constants, we propose a new
form of the scale factor, which after appropriate choice
of parameters admits big-bang, big-rip, sudden future,
finite scale factor and w-singularities and reads as
a(t) = as
(
t
ts
)m
exp
(
1− t
ts
)n
, (II.5)
with the constants ts, as,m, n. Its expansion around t ≈
ts gives (cf. [23])
a(t) = as −mas
(
1− t
ts
)
. (II.6)
Notice that in equation (II.5), as has the unit of length
and all the terms are dimensionless. The scale factor is
zero (a = 0) at t = 0 (a big-bang singularity), and it
is a constant a = as at t = ts. The first and second
derivatives of the scale factor (II.5) are
a˙(t) = a(t)
[
m
t
− n
ts
(
1− t
ts
)n−1]
, (II.7)
a¨(t) = a˙(t)
[
m
t
− n
ts
(
1− t
ts
)n−1]
+ a(t)
[
−m
t2
+
n(n− 1)
t2s
(
1− t
ts
)n−2]
. (II.8)
From (II.7)-(II.8), one can see that for 1 < n < 2 a˙(0) =
∞ and a˙(ts) = mas/ts =const., while a(ts) = as, a¨(0) =
∞ and a¨(ts) = −∞ (p → ∞) and we have a sudden
future singularity [14].
For a flat (k = 0) Friedmann model it is possible
to write down an explicit relation between the pressure
and the energy density, though with a time-dependent
barotropic index, in the form
ps(t) = ws(t)εs(t) = ws(t)̺(t)c
2(t) , (II.9)
where
ws(t) =
1
3
[2q(t)− 1] , (II.10)
and q(t) = −a¨a/a˙2 is the (dimensionless) deceleration
parameter.
Using (II.1), (II.2), (II.7), and (II.8) for the curvature
index k = 0 we have
̺(t) =
3
8πG(t)
[
m
t
− n
ts
(
1− t
ts
)n−1]2
, (II.11)
p(t) = − c
2(t)
8πG(t)
[
m(3m− 2)
t2
− 6mn
tts
(
1− t
ts
)n−1
(II.12)
+ 3
n2
t2s
(
1− t
ts
)2(n−1)
+ 2
n(n− 1)
t2s
(
1− t
ts
)n−2]
.
From (II.5), (II.11) and (II.12) we can conclude that
for 0 < m < 2/3 we deal with a big-bang singularity and
a → 0, ̺ → ∞, p → ∞ at t → 0, while for m < 0 we
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FIG. 1. The plots of the scale factor a(t), the energy density ̺(t), and the pressure p(t) for the two specific models given by the
scale factor (II.5). The first model is for the parameters m = 0.6, n = 1.5 and describes the sudden future singularity (SFS)
scenario. The second model is for the parameters m = 0.6 and n = 0.5 and describes the finite scale factor singularity (FSF)
scenario.
have a big-rip singularity with a→∞, ̺→∞, p→∞ at
t = 0. Besides, it is clear that a sudden future singularity
(SFS) which appears for 1 < n < 2 at t = ts (a = as, ̺ =
const., p → ∞) and a stronger [17, 21, 35] finite scale
factor singularity (FSF) appears for 0 < n < 1 at t = ts
(a = as, ̺ → ∞, p → ∞). The example plots of these
models are given in Fig. 1. In fact, for the former only the
last term in the pressure of the type (1− t/ts)n−2 blows-
up, while for the latter two more terms (1− t/ts)n−1 and
(1−t/ts)2(n−1) in (II.12) do [35]. Such a choice also leads
to a blow-up of the energy density (II.11).
For the sake of further discussion, we will split the scale
factor (II.5) into the two factors, one giving a big-bang
singularity aBB, and another giving an exotic singularity
aex, as follows:
a(t) = aBB · aex , (II.13)
where
aBB =
(
t
ts
)m
, (II.14)
aex = as exp
(
1− t
ts
)n
. (II.15)
From (II.13) one sees that in a special case n = 0, one
recovers a standard big-bang scale factor with
̺BB(t) =
3
8πG(t)
m2
t2
, (II.16)
pBB(t) = − c
2(t)
8πG(t)
m(3m− 2)
t2
, (II.17)
and it is possible to write down an equation of state in
the form of a barotropic perfect fluid as
pBB = (γ − 1)̺c2(t) = − c
2(t)
8πG(t)t2
4(1− γ)
3γ2
, (II.18)
where
γ =
2
3m
, (II.19)
as in the standard notation [41]. The standard big-bang
models given by (II.14) are decelerating for γ > 2/3 (m <
1), and accelerating for γ ≤ 2/3 (m > 1). The pressure is
positive for γ > 1 and negative for γ < 1. This of course
also refers to its value at a big-bang singularity (t = 0),
where it is plus infinity for γ > 1, and minus infinity for
γ < 1.
Now, let us notice that in the limit m = 0 the Eq.(II.5)
reduces to an exotic singularity scale factor given by
4(II.15). From (II.11) and (II.12) we have
̺ex(t) =
3
8πG(t)
n2
t2s
(
1− t
ts
)2(n−1)
, (II.20)
pex(t) = − c
2(t)
8πG(t)
× (II.21)
×
[
3
n2
t2s
(
1− t
ts
)2(n−1)
+ 2
n(n− 1)
t2s
(
1− t
ts
)n−2]
,
and so
wex(t) =
pex(t)
εex(t)
= −

1 + 2
3
n− 1
n
1(
1− tts
)n


= −
[
1
3
− 2
3
qex(t)
]
, (II.22)
with the deceleration parameter equal to
qex(t) = −1− n− 1
n
1(
1− tts
)n . (II.23)
From (II.20)-(II.22) we may conclude that for n > 2 the
energy density and pressure vanish (̺ = 0, p = 0), while
the w-index blows-up to infinity which is exactly the char-
acteristics of a w-singularity [15]. In fact, the w-index
blows-up for any positive value of n > 0 (n 6= 1), which
together with the fact that the energy density diverges
for 0 < n < 1, and both the energy density and pressure
diverge for 1 < n < 2, means that we have neither FSF
nor SFS singularity here.
Another way of writing aBB is the way one does in
superstring cosmology [7]
a(t) =
∣∣∣ t
ts
∣∣∣±m , (II.24)
in which there are four branches (two of them “pre-big-
bang”).
III. REGULARIZING SINGULARITIES
Despite that the definition of a singularity based on the
Hawking and Penrose [1] geodesic incompletness has been
a standard for years, today one is facing more subtleties
in the matter. In fact, new types of singularities have
been discovered (see e.g. Ref. [20]) and what is more
important, each of these singularities is characterized by
different properties. First of all, lots of them do not even
exhibit geodesic incompletness [21] and so in view of the
standard definition are not singularities at all! However,
we realize that they allow a blow-up of various geomet-
rical and physical quantities and may create a problem
for the physical theories. For some of these singularities
geodesics are not singular and still they have different
”strength” which can be measured by various ingenious
definitions. For example, a weak singularity definition of
Tipler [35] requires that the double integral∫ τ
0
dτ ′
∫ τ ′
0
dτ ′′Rabu
aub , (III.1)
with Rab - the Ricci tensor, u
a - the 4-velocity, and τ -
the proper time, does not diverge on the approach to a
singularity at τ = τs, while a weak singularity definition
of Kro´lak requires that the single integral∫ τ
0
dτ ′Rabu
aub , (III.2)
does not diverge on the approach to a singularity at
τ = τs. Then, according to both of these definitions big-
bang (type 0) and big-rip (type I) singularities are strong,
while sudden future (type II), generalized sudden future
(type IIg), big-separation (type IV), and w-singularities
(type V) are weak. However, the finite scale factor sin-
gularities (type III) are strong with respect to Kro´lak’s
definition (III.2), and weak with respect to Tipler’s def-
inition. Bearing in mind another characteristic which is
based on the spacetime averaging procedure proposed by
Raychaudhuri [36], one learns that there are more sub-
tleties [41]. For example, a big-rip is a stronger singular-
ity than a big-bang since its spacetime average blows-up,
while for a big-bang it is not the case. On the other hand,
sudden future singularities have vanishing spacetime av-
erage, while finite scale factor singularities might have an
infinite spacetime average. Interestingly, in that sense the
finite scale factor singularities can be considered stronger
singularities than big-bang singularities. All this means
that it is not obvious to say that replacing one singularity
by another is like exchanging something physically trou-
blesome into something else, which is also troublesome.
There are subtleties, and so one should investigate the
full nature of the physical object (a singularity) one deals
with in order to learn its characteristics.
Motivated by the above discussion we present our main
idea of the paper which is to investigate how different
types of time-evolution of the physical constants like c
and G influence the evolution of the universe. In par-
ticular, we are interested in a possibility to change the
nature of singularities due to the variability of these con-
stants. The review of the experimental bounds on the
variability of the constants are given in many references
- the Ref. [31] is one of the most recent ones.
It is quite reasonable that the nature of singularities
may change while the constants are evolving. In fact, an
analogous phenomenon, though due to a different physi-
cal reason - the conformal anomaly - results in strength-
ening a singularity [25]. Namely, an SFS singularity be-
comes an FSF singularity - the latter is a stronger type
of singularity [17, 21, 35]. However, in our further in-
vestigations we will be discussing mostly weakening the
singularities - this is a natural expectation in cosmology
which helps to solve the singularity problem.
a) a big-bang singularity
5For the purpose described above, we first suggest that
the time-variation of the gravitational constant in (II.11)
and (II.12) of the form
G(t) ∝ 1
t2
, (III.3)
which is a faster decrease that in the standard Dirac’s
case G(t) ∝ 1/t [28, 34], would presumably remove a
big-bang singularity in Friedmann models (i.e. removes
both p and ̺ singularities). Such a time-dependence of
G would perhaps be less influenced by the geophysical
constraints on the temperature of the Earth as it was
discussed early in Ref. [42]. On the other hand, in the
Dirac’s case G(t) ∝ 1/t, only the ̺ singularity can be
removed.
Another suggestion is that the scale factor (II.5) would
not approach zero at t→ 0 if it was rescaled be a “regu-
larizing” factor arg = (1 + 1/t
m) (m ≥ 0), i.e.,
asm =
(
1 +
1
tm
)(
t
ts
)m
=
(
t
ts
)m
+
1
tms
. (III.4)
So far we have preliminary discussed a possibility for
the gravitational constant to evolve in time. Now, we will
also discuss the time-evolution of the speed of light. It is
clear from (II.11)-(II.12) that any change of the type of a
singularity which is also singularity of density cannot be
done without admitting a curvature term in the Einstein
equations (II.1)-(II.2). This, especially refers to a big-
bang singularity - it cannot be removed at all, unless the
spatial curvature is non-zero.
b) other exotic singularities
In order to regularize an SFS singularity by varying
speed of light we suggest that the time-dependence of
the speed of light is given by
c(t) = c0
(
1− t
ts
) p
2
, (III.5)
(c0 = const., p = const.) which after substituting into
(II.12) gives
p(t) = − c
2
0
8πG
[
m(3m− 2)
t2
(
1− t
ts
)p
− 6mn
tts
(
1− t
ts
)p+n−1
+ 3
n2
t2s
(
1− t
ts
)p+2n−2
+ 2
n(n− 1)
t2s
(
1− t
ts
)p+n−2]
. (III.6)
It then follows from (III.6) that an SFS singularity is
regularized by varying speed of light provided that
p > 2− n (1 < n < 2) . (III.7)
However, there is an interesting physical consequence of
the functional dependence of the speed of light (III.5).
Namely, it gradually diminishes reaching zero at the sin-
gularity. In other words, the light slows and eventu-
ally stops at an SFS singularity. Such an effect is pre-
dicted within the framework of loop quantum cosmol-
ogy (LQC), where it is called the anti-newtonian limit
c =
√
1− 2̺/̺c → 0 for ̺ → ̺c with ̺c being the crit-
ical density [38]. The low-energy limit ̺ ≪ ̺0 gives the
standard limit c→ 1.
One of the standard assumptions on the variation of
the speed of light is that it follows the evolution of the
scale factor [33]
c(t) = c0a
s(t) , (III.8)
with c0 and s constant. The field equations (II.1) and
(II.2) become
̺(t) =
3
8πG(t)
(
a˙2
a2
+ kc20a
2(s−1)
)
, (III.9)
p(t) = − c
2
0a
2s
8πG(t)
(
2
a¨
a
+
a˙2
a2
+ kc20a
2(s−1)
)
.(III.10)
With the time-dependence of c(t) as in (III.8), and with
a(t) = tm it is possible to remove a pressure singular-
ity provided s > 1/m for k = 0 and m > 0, s > 1/2
or m < 0, s < 1/2 for k 6= 0, but not the energy den-
sity singularity. A more sophisticated choice of the time
variation of the speed of light which could regularize the
singularities is
c(t) = c0
(
1− t
ts
) p
2
as(t) , (III.11)
or in terms of the scale factor
a(t) =
(
c(t)
c0
) 1
s
(
1− t
ts
)− p
2s
. (III.12)
Since ̺(t) does not depend on c(t) (for k = 0), then it
is impossible to strengthen an SFS singularity to become
an FSF singularity. It is possible only, if we assume that
the gravitational constantG changes in time. Let us then
assume that
G(t) = G0
(
1− t
ts
)−r
, (III.13)
(r = const., G0 = const.) which changes (II.11) and
(II.12) to the form
̺(t) =
3
8πG0
[
m2
t2
(
1− t
ts
)r
− 2mn
tts
(
1− t
ts
)r+n−1
+
n2
t2s
(
1− t
ts
)r+2n−2]
, (III.14)
p(t) = − c
2
8πG0
[
m(3m− 2)
t2
(
1− t
ts
)r
− 6mn
tts
(
1− t
ts
)r+n−1
+ 3
n2
t2s
(
1− t
ts
)r+2n−2
+ 2
n(n− 1)
t2s
(
1− t
ts
)r+n−2]
.
6From (III.14) and (III.15) it follows that an SFS singu-
larity (1 < n < 2) is regularized by varying gravitational
constant when
r > 2− n , (III.16)
and an FSF singularity (0 < 1 < n) is regularized when
r > 1− n . (III.17)
On the other hand, assuming that we have an SFS sin-
gularity and that
− 1 < r < 0 , (III.18)
we get that varying G may change an SFS singularity
onto a stronger FSF singularity when
0 < r + n < 1 . (III.19)
A physical consequence of the functional dependence of
the gravitational constant in (III.13) is that the strength
of gravity becomes infinite at the singularity. This is
quite reasonable if we want to regularize an infinite
(anti)tidal force at the singularity [35]. This is also ex-
actly what happens in the strong coupling limit G→∞
of gravity [39].
A hybrid case which would influence both types of sin-
gularities (big-bang (cf. (III.3)) and other exotic ones)
is
G(t) =
G0
t2
(
1− t
ts
)−r
, (III.20)
which changes (II.11) and (II.12) into
̺(t) =
3
8πG0
[
m2
(
1− t
ts
)r
− 2mnt
2
ts
(
1− t
ts
)r+n−1
+
n2t2
t2s
(
1− t
ts
)r+2n−2]
, (III.21)
p(t) = − c
2
8πG0
[
m(3m− 2)
(
1− t
ts
)r
− 6mnt
ts
(
1− t
ts
)r+n−1
+ 3
n2t2
t2s
(
1− t
ts
)r+2n−2
+ 2
n(n− 1)t2
t2s
(
1− t
ts
)r+n−2]
. (III.22)
From (III.21) and (III.22) one can see that a big-bang
singularity at t = 0 is regularized with no additional
conditions while SFS or FSF singularities are regularized
under the conditions (III.16) and (III.17) appropriately.
c) singularities in (anti-)Chaplygin gas
cosmology
Since a couple of years, there has been a proposal that
the dark energy can be simulated by a Chaplygin or an
anti-Chaplygin gas model. One of the interests is that an
anti-Chaplygin gas model allows the so-called big-brake
singularity [37] (̺ → 0 and p → ∞) which is a special
case of a sudden future singularity ̺ → const. and p →
∞. The equation of state of the (anti-)Chaplygin gas
reads as
p(t) = ∓ A
ε(t)
= ± A
̺(t)c2(t)
, (III.23)
whereA > 0 is a constant with the unit of the energy den-
sity square (or pressure square) in J2m−6 = kg2m−4s−2,
and the “-” sign refers to a Chaplygin gas, while the “+”
sign refers to an anti-Chaplygin gas. It is interesting to
note that the only limit of an SFS to get a big-brake for
the scale factor (II.5) bearing in mind the fact that ̺→ 0
(i.e., a˙→ 0 - see (II.7)) would bem→ 0 and n→ 0 which
is not physically interesting. The reasonable limit of the
scale factor (II.4) is possible [23].
Inserting (III.23) into (II.3) gives [40]
˙̺(t) + 3
a˙
a
(
̺2c4(t)∓A
̺(t)c4(t)
)
= −̺(t)G˙(t)
G(t)
+ 3
kc(t)c˙(t)
4πG(t)a2
.
(III.24)
In order to find an exact solution, we will first assume
that the speed of light is constant (c0 = const.), and that
the gravitational constant changes as
G(t) = G0̺(t) , (III.25)
with G0 having the unit m
3kg−2s−2, which gives (III.24)
in the form
2c40̺ ˙̺
̺2c40 ∓A
= −3 a˙
a
, (III.26)
and integrates to give (we should make an assumption
A < ̺2c40 for “-” sign which corresponds to a Chaplygin
gas)
̺(t) =
√
̺0
c20
[
±Ac + a30
1∓Ac
a3(t)
] 1
2
(III.27)
with ̺0 = const. having the unit of the constant A,
i.e., J2m−6 = kg2m−4s−2, a0 (present value of the scale
factor) having the unit of length, and Ac ≡ A/̺0. From
(III.27) one can see that the standard big-bang limit ̺ ∼
a−3/2 is achieved if Ac → 0 and Ac → ±1 gives the
cosmological constant limit. From (III.23) and (III.27)
we have
p(t) = ∓c20
√
̺0Ac[
±Ac + a30 1∓Aca3(t)
] 1
2
. (III.28)
The standard big-bang limit p→ 0 is given for Ac → ±1
and p = ∓c20
√
̺0 for Ac → ±1.
The more interesting solution in order to demonstrate
regularization of singularities can be obtained in a general
case of both varying G = G(t) and c = c(t) though with
7zero curvature k = 0 case by making the following ansatz
in (III.24)
̺(t)c2(t) = B = const. , (III.29)
with B having the unit of energy density, which gives
˙̺
̺
+ 3
a˙
a
(
B2 ∓A
B2
)
+
G˙
G
= 0 . (III.30)
The solution of (III.30) reads as
̺(t)a3γ(t)G(t) = E = const. , (III.31)
where we have defined
γ ≡ B
2 ∓A
B2
(III.32)
for the sake of comparison with the standard cosmol-
ogy (here γ has not the meaning of the barotropic index,
but as we can learn it makes the scale factor scaling the
same as in standard case). Bearing in mind (III.29) and
(III.31) we obtain that
c2(t) =
B
E
a3γ(t)G(t) . (III.33)
From (III.23) and (III.33) we finally have
p(t) = ∓A
B
= const. , (III.34)
̺(t) =
B
c2(t)
=
E
a3γ(t)G(t)
. (III.35)
Putting the standard big-bang scale factor (II.14)
a(t) =
(
t
ts
)m
=
(
t
ts
) 2
3γ
, (III.36)
we now have from (III.34) and (III.35)
̺(t) =
Et2s
t2G(t)
, (III.37)
p(t) = ∓A
B
= const. , (III.38)
which give ̺→∞ and p(0) = 0, provided G(0) = const.
6= 0. The singularity at t = 0 in ̺ can be regularized
by taking G(t) ∝ 1/t2 as in (III.3). In our case we have
a constant pressure (cosmological term) instead of zero
pressure.
IV. CONCLUSIONS
We have shown by specifying some examples that it
is possible to regularize cosmological singularities due to
variation of the physical constants. Although it seems to
work in a general framework of varying constants theo-
ries, we have considered this phenomenon in the theories
with varying speed of light (VSL) c(t), and with varying
gravitational constant G = G(t).
For example, in order to regularize a big-bang singular-
ity, the simple modification of Dirac’s relation (G ∝ 1/t2
instead of G ∝ 1/t) is required. In order to regularize a
sudden future singularity (SFS), finite scale factor singu-
larity (FSF) or a w−singularity, some more complicated
time-dependence for c(t) and G(t) is necessary. We have
found such a dependence and it was appropriate to a
newly introduced scale factor given by (II.5). Interest-
ingly, in order to regularize an SFS by varying c(t), the
light should stop propagating at a singularity - the fact
which appears in the loop quantum cosmology [38]. On
the other hand, to regularize an SFS by varying gravita-
tional constant - the strength of gravity has to become
infinite at a singularity (as in the strong coupling limit
of gravity [39]) which is quite reasonable because of the
requirement to overcome the infinite (anti-)tidal forces at
singularity.
We have also studied the regularization of singularities
by varying c(t) and G(t) within the framework of (anti-)
Chaplygin gas cosmology and have shown that regular-
ization is also possible in these theories.
In view of the variation of the velocity of light c(t) there
is a crucial difference between the mass density ̺ and the
energy density ε = ̺c2, since variation of c(t) effects the
Einstein mass energy formula E = mc2 transformed here
as the the mass density versus pressure formula p = ̺c2
after dividing both sides by the volume. Then, if one
takes into account a barotropic equation of state, then it
is better to define the barotropic index which is dimen-
sionless, as we did in (II.10). Since the pressure has the
same units as the energy density, and the energy density
results in multiplying the mass density by c2(t), then it
is more reasonable to talk about singularities in the mass
density and the pressure rather than in the energy density
and pressure since they are, in fact, equivalent. The only
factor which relates them is the barotropic index which
we have assumed to be dimensionless. In other words,
the power to remove a singularity by varying speed of
light c = c(t) refers only to the pressure, and not to the
mass density. This can be seen from Eqs. (II.11)-(II.12).
Taking into account any explicit form of matter such as
for example the radiation p(t) = (1/3)̺c2(t) one easily
sees that regularization with c2(t) can be done for the
pressure only. The mass density cannot be regularized
this way.
In our paper we do not claim that we have solved fully
the problem of singularity due to variation of the phys-
ical constants. Rather we first give an idea or a path
for other cosmologists to follow. There is a subtlety in
our approach, since we replace singularities in geomet-
rical quantities by kind of singularities in physical fields
(both constants c(t) → 0 and G(t) → ∞ can be treated
as such), but it is not yet known whether these new sin-
gularities are more harmful than the original ones. For
example, in the low-energy-effective superstring theory,
there are two kind of singularities: the curvature singu-
8larities and the strong coupling singularities for which
the dilaton may diverge. They are not necessarily of
the same type though both can be regularized by the
quantum corrections. Anyway, the singularities we have
presented and regularized in our paper are characterized
by many different properties. Lots of them do not even
exhibit geodesic incompletness and so in view of the stan-
dard definition they are not singularities at all. However,
they still have some other characteristics which are diver-
gent and, what is more interesting, they have different
”strength” which means they are less or more harmful
and our “regularization” approach may lead to a change
of this strength.
Finally, we hope that variation of the physical con-
stants which leads to regularization of singularities may
be useful in the discussions of the multiverse concept giv-
ing the link through a kind of “fake” singularities to vari-
ous parts of the universe with different physics. Of course
our discussion is preliminary and should be continued by
using appropriate mathematical formalism of both gen-
eral relativity and particle physics.
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